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1. Introduction
1.1. Expressions for the Amplitudes

• Inner Bremsstrahlung: gIB= |η+−|eiδ0(MK) + Φ+−

•M1 Direct Emission: gM1
= ieiδ1(Mππ) + Φ+− × F

(
a1
a2

; g̃M1

)
,

where

F = g̃M1

[
1 +

a1/a2

(M2
ρ −M2

K) + 2MKEee

]

• E1 Direct Emission: gE1
= i

∣∣gE1

∣∣eiδ1(Mππ) + Φ+−×F
(

a1
a2

; g̃M1

)
• Charge Radius: gCR = |gCR|eiδ0(Mππ),

where |gCR| = −1
3

〈
R2(K0)

〉
M2

K
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1.2. The Measurement of KL Charge Radius

m
ms

d

rs
R0

rd

ρ
0

K0 consists s̄ and d quark, the relative and
center-of-mass coordinates are

~ρ0 ≡ ~rs̄ −~rd; ~R0 ≡
ms~rs̄ + md~rd

ms + md

Heavier strange quark is confined to a
smaller radius thus giving K0 a positively
charged core:

〈
R2

〉
≡

〈∑
qi(~ri − ~R0)

2
〉

= −1

3

ms −md

ms + md

〈
ρ2
0

〉
On the other hand

〈
R2

〉
is part of the expression for gCR:

gCR = −1

3

〈
R2

(
K0

)〉
M2

Keiδ0(Mππ); |gCR| ≡ −1

3

〈
R2

(
K0

)〉
M2

K

KTeV Preliminary Measurement (Work by Sasha Ledovskoy on ’97 Data):

|gCR| = 0.100± 0.018± 0.013;
〈
R2(K0)

〉
= −0.047± 0.008± 0.006[fm2]
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1.3. The CP Violating Asymmetry in the Angular Variable

e+

e-

ẑ

nee
^

nππ

+

^ φ

π

π−

It can be shown (Sehgal and Wan-

ninger, Phys.Rev.D. 46, 1035 (1992)) that
the polarization of the photon will
manifest itself as an asymmetry in
the angle φ.

Both n̂ee and n̂ππ are axial vectors
while ẑ is polar vector and there-
fore sin φ cos φ is odd under CP and
T transformations. The asymme-
try is large and theory predicts the
value of ∼ 14%. It can be defined
as follows:

A (φ) ≡ Nsin φ cos φ>0 − Nsin φ cos φ<0

Nsin φ cos φ>0 + Nsin φ cos φ<0
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1.4. History of KL → π+π−e+e− Measurements

Large When? Measured Values
g̃M1

a1/a2, GeV 2/c2 |gCR| |gE1
| A, % BR, ×10−7

Before KTeV F = 0.76 0.15 0.038 - -

one day, PRL(1996) - - - - - 3.2± .6

Winter, ICHEP98 - - - - - 3.32± .14

’97, EPS HEP99 - - - - - 3.63± .11

’97, PRL(2000) 1.35± .20 −.72± .03 - - 13.6± 2.5 -
’96, PRL(2001) - −.734± .034 - - - -

’97, BCP4(2001) - - .100± .018 - - -

’97+’99, DPF2002 1.10± .10 −.75± .03 - - 13.3± 1.4 -
”, ”, Madison 1.20± .13 −.73± .03 .19± .01 - - -

”, ”, Sept 2002 1.15± .12 −.73± .02 .18± .02 < .03 - -
”, ”, today 1.14± .12 −.73± .02 .20± .01 .09± .03 14.1± 1.4 -

http://link.aps.org/abstract/PRL/v80/p4123
http://link.aps.org/abstract/PRL/v84/p408
http://link.aps.org/abstract/PRL/v86/p761
http://www.hepl.phys.nagoya-u.ac.jp/public/bcp4/presentation/22pm/arenton.pdf
http://dpf2002.velopers.net/talks_pdf/172talk.pdf
http://kpasa.fnal.gov:8080/private/meetings/02-07-01/talk_sg.pdf
http://kpasa.fnal.gov:8080/private/meetings/0044.html
http://kpasa.fnal.gov:8080/private/meetings/0045.html
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2. ππ S- and P-wave Phase Shifts
2.1. New Functions (s ≡ M 2

ππ)

152 G. Colangelo et al. / Nuclear Physics B 603 (2001) 125–179

b3, . . . , b6 are accompanied by rather large errors and we do not list these here, but merely
note that the central values in Eq. (16.2) are within the quoted range, in all cases. For
the first two terms, however, Amoros et al. arrive at comparatively accurate values, b̄1 =
−10.8± 3.3, b̄2 = 10.8± 3.2, which are also perfectly consistent with those in Eq. (16.2).
The fact that, in their analysis, the remaining coefficients are subject to large uncertainties,
also manifests itself in column C of Table 2: the error bars in the first five rows of the table,
a0

0, . . . , a
1
1 , are much smaller than those in the remainder.

17. S- and P -wave phase shifts

For the reasons discussed in detail in Ref. [7], the two S-wave scattering lengths are
the essential parameters in the low energy domain. The result in Eq. (11.2) specifies these
to within very small uncertainties. In particular, we can now work out the phase shifts of
the S- and P -waves on this basis, using the Roy equation analysis of [7]. The available
experimental information for the imaginary parts above

√
s0 = 0.8 GeV, as well as the

scattering lengths a0
0 , a2

0 are used as an input, while the output of the calculation consists
of the phases δ0

0(s), δ
1
1(s) and δ2

0(s), in the region below s0. In view of the two subtractions
occurring in the Roy equations, the behaviour of the imaginary parts above 1 GeV has
very little influence on the behaviour of the solutions below 0.8 GeV. Also, there is a
consistency check: in the region above s0, the output must agree with the input. For the
values of the scattering lengths required by chiral symmetry, this condition is indeed met.
In fact, the solutions of the Roy equations closely follow the input, within the rather broad
range of variations allowed for the imaginary parts in Ref. [7]. This also means that the
Roy equations do not strongly constrain the behaviour of the phases above 0.8 GeV.

The result is shown in Figs. 7, 8 and 9. For comparison, these figures also show the data
points of the phase shift analyses given by Hyams et al. [51], Protopopescu et al. [52], the
solutions A and B of Hoogland et al. (ACM) [53] and the one of Losty et al. [54], as well as
the P -wave phase extracted from the data on the reactions e+e−→ π+π− and τ→ νππ .
For further information on the S-wave phase shifts, we refer the reader to [55,56].

The three central curves are described by the parametrization [57]

(17.1)tan δI� =
√

1− 4M2
π

s
q2�{AI

� +BI
� q

2 +CI
� q

4 +DI
�q

6}
(

4M2
π − sI�

s − sI�

)

,

with s = 4(M2
π + q2). The numerical values of the coefficients are:

A0
0 = 0.220, A1

1 = 0.379× 10−1, A2
0 =−0.444× 10−1,

B0
0 = 0.268, B1

1 = 0.140× 10−4, B2
0 =−0.857× 10−1,

C0
0 =−0.139× 10−1, C1

1 =−0.673× 10−4, C2
0 =−0.221× 10−2,

(17.2)

D0
0 =−0.139× 10−2, D1

1 = 0.163× 10−7, D2
0 =−0.129× 10−3,

G. Colangelo et al. / Nuclear Physics B 603 (2001) 125–179 153

Fig. 7. I = 0 S-wave phase shift. The full line results with the central values of the scattering
lengths and of the experimental input used in the Roy equations. The shaded region corresponds
to the uncertainties of the result. The dotted lines indicate the boundaries of the region allowed if the
constraints imposed by chiral symmetry are ignored [7]. The data points are from Refs. [51,52].

in units of Mπ . In particular, the constants AI
� represent the scattering lengths of the three

partial waves under consideration, while the BI
� are related to the effective ranges.

The parameters sI� specify the value of s where δI� (s) passes through 90◦:

(17.3)s0
0 = 36.77M2

π , s1
1 = 30.72M2

π , s2
0 =−21.62M2

π .

In the channels with I = 0,1, the corresponding energies are 846 MeV and 774 MeV,
respectively (the negative sign of s2

0 indicates that in the I = 2 channel, which is exotic,
the phase remains below 90◦).

The value of the phase difference δ0
0 − δ2

0 at s =M2
K is of special interest, in connection

with the decays K → ππ . In particular, the phase of ε′/ε is determined by that phase
difference. Our representation of the scattering amplitude allows us to pin this quantity
down at the 3% level of accuracy:

(17.4)δ0
0

(

M2
K0

)

− δ2
0

(

M2
K0

)

= 47.7◦± 1.5◦.

We add two remarks concerning the comparison with the P -wave phase shift extracted
from the e+e− and τ data. First, we note that the agreement at 0.8 GeV is enforced by
our approach: in the Roy equation analysis, the value of the phase shift at that energy
represents an input parameter and we have made use of those data to pin it down. Once

G. Colangelo et al. Nuclear Physics B 603, 125-179, 2001
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2.2. Compare Old Shifts Versus New Ones
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The old functions are very simple:

δ0
0 = 2.85(Mππ − 2Mπ)× 180

π and δ1
1 = 3.5(Mππ − 2Mπ)2 × 180

π
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FIG. 2. Phase shift difference d as a function of dipion mass.
The dashed line represents the fit to Eq. (4) for the Geneva-
Saclay data [2] and the solid line for our data with the scattering
length a

0
0 as free parameter.

The form factors F, G, R, and H are dimensionless
complex functions of sp , se, and up . The expressions for
the decay rate derived from this matrix element have been
given in Ref. [20].

Amorós and Bijnens recently developed a parametriza-
tion of these form factors, based on a partial wave expan-
sion in the variable up [21]:

F � � fs 1f 0
sq

2 1f 00
s q

4 1 fese�eid
0
0

1 f̃p�Q2�sp �1�2�P ? L� cosupe
id

1

1 ,

G � �gp 1g0
pq

2 1gese�eid
1
1 , H � �hp 1h0

pq
2�eid

1
1 ,

(3)

where q � �sp ��4M2
p � 2 1�1�2 is the pion momentum in

pp rest frame. The form factor R enters the decay dis-
tribution multiplied by m2

e and can therefore be neglected.
This parametrization yields ten new form factors fs, f

0
s, f

00
s ,

fe, f̃p , gp , g0
p , ge, hp , and h0

p, which do not depend on

any kinematic variables, plus the phases d
0
0 and d

1
1 , which

are functions of sp .
The phase shifts can be related to the scattering lengths.

A recent analysis [10] used the parametrization proposed
by Schenk [22]:

tand
I
� �

s

1 2
4M2

p

s

3
X

k�0

A
I
�kq

2��1k�

µ

4M2
p 2 s

I
�

s 2 s
I
�

∂

. (4)

The Roy equations [9] are then solved numerically, ex-
pressing the parameters A

I
�k and s

I
� as functions of the

scattering lengths a
0
0 and a

2
0. The possible values of the

scattering lengths are restricted to a band in the a
0
0 versus

a
2
0 plane. The centroid of this band, the universal curve

[23] relates a
0
0 and a

2
0:

a2
0 � 20.0849 1 0.232 a0

0 2 0.0865 �a0
0�2�60.0088� ,

(5)

where the error given in the bracket indicates the width of
the band permitted by analyticity [10]. This width reduces
considerably, if chiral symmetry constraints are imposed.
One then obtains [13]

a2
0 � 20.0444 1 0.236�a0

0 2 0.22� 2 0.61�a0
0 2 0.22�2

2 9.9�a0
0 2 0.22�3�60.0008� . (6)

For the fits we divided our data into six bins in sp , five
in se, ten in cosup , six in cosue, and 16 in f. In the x2

minimization procedure, the number of measured events in
each bin j is compared to the number of expected events
given by

rj � B�Ke4�
NK

NMC

X J5�F,G,H�new

J5�F,G,H�MC
, (7)

where the sum runs over all Monte Carlo events in bin
j. NK is the number of K1 decays derived from the
number of Kt events. NMC is the number of generated
events. J5�F,G,H�MC (� I [20]) is the five-dimensional
phase space density generated at the momentum q � qMC

with the form factors F, G, and H used to simulate the
event. J5�F,G,H�new is calculated at qMC with F, G, H
evaluated from the parameters of the fit. Thus, we apply
the parameters on an event by event basis, and, at the same
time, we divide out a possible bias caused by the matrix
element, making the fit independent of the ChPT ansatz
used to generate the MC.

For the fit, we have assumed that F, G, and H do not
depend on se and that F contributes to s waves only, i.e.,
fe � ge � f̃p � 0. Our first set of fits is done indepen-
dently for each bin in sp . The above assumptions then
leave one parameter each to describe F, G, and H aside
from the phase difference d � d

0
0 2 d

1
1 . The results are

listed in Table I. The centroids of the bin �Mpp� are de-
termined following Lafferty and Wyatt [24]. If the six
phase shifts in Table I are fit using Eqs. (4) and (5), one
obtains a

0
0 � 0.229 6 0.015 �x2�NdF � 4.8�5�. The re-

sulting curve is shown in Fig. 2.
We have also made a single fit to the entire data sample.

In this second fit we substituted d in Eq. (3) by the ex-

pression of Eq. (4). With the relation between a
0
0 and a

2
0

given by Eq. (5) or Eq. (6) only fs, f
0
s, f

00
s , gp , g0

p, hp ,

and a
0
0 then remain as free parameters. The results, listed

TABLE II. Form factors (in units of 1022) and scattering length a
0
0 in the parametrization of Eq. (3) using either Eq. (5) or Eq. (6).

The sequence of errors given is statistical, systematic, and theoretical. (x2�NdF � 30 963�28 793.)

fs: 575 6 2 6 8 f 0
s: 106 6 10 6 40 f 00

s : 259 6 12 6 40 gp : 466 6 5 6 7 g0
p: 67 6 10 6 4 hp : 2295 6 19 6 20

a
0
0: 0.228 6 0.012 6 0.004

10.006
20.012 [Eq. (5)] a

0
0: 0.216 6 0.013 6 0.004 6 0.005 [Eq. (6)]

221801-3 221801-3
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2.3. The Comparison to Data

The New Phase Shifts
The Old Ones

PRD(1977)

PRL(2001)

http://link.aps.org/abstract/PRD/v15/p574
http://link.aps.org/abstract/PRL/v87/p221801
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3. The Data
3.1. Summary of Main Cuts

• Event has 4 tracks

• Particle ID: electrons if 0.95 < E
P < 1.05 and pions if E

P < 0.9 or E
P > 1.1

• P2
π0 < −0.025 GeV2/c2

• Mee > 0.002 GeV/c2

• 95m < Zvtx < 158m

• P2
t < 6× 10−5 GeV2/c2

• Eππee < 200 GeV

• 0.492 GeV/c2 < Mππee < 0.504 GeV/c2

The residual background under the mass peak was estimated by a fitting procedure.
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3.2. The Final Event Sample

KL → π+π−e+e−

Red — events with sinφ · cosφ> 0
Blue — events with sinφ · cosφ< 0

Entire KTeV Data Set 5056± 71 events after subtracting
∼ 185 background events
in the signal region defined as

0.492 GeV/c2 < Mππee < 0.504 GeV/c2

Mostly KL → π+π−π0
D background

with no asymmetry

Mπ+π−e+e−
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4. The Four-Parameter Fit
4.1. The Method

• Use Maximum Likelihood Method to estimate the parameters. The logarithm of the
likelihood function can be written in terms of the relative weights of the event ( data
and Monte Carlo )

logL (~α) =

 Nd∑
i=1

logwi (~α, ~x)

−Ndlog

Nmc∑
j=1

wi(~α, ~x)

wi( ~α0, ~x)

where ~x is the vector of measured variables and ~α is the vector of parameters to be
estimated, i.e.

~α =

(
a1

a2
;gM1;gCR;gE1

)
; ~x = (φ, θe+, θπ−,Mππ,Mee)

• Generate one Monte Carlo sample for a set of values of the parameters ~α0 and then
re-weighted each event for any other set of floating parameters.

• Use Custom Fitter ( code from Sasha Ledovskoy and “Numerical Recipes” ), which uses
Powell Algorithm to minimize the logL (~α)
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4.2. Fits ...

Done 384 + 1 Fits

blue - “Fake” Data (MC)
red - Real Data
green - Errors
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5. Conclusions and Plans

• With the final sample of 5056 ± 71 KL → π+π−e+e− events made a four-parameter fit,
including gCR ( which is the measurement of K0 Charge Radius) and gE1.

a1

a2
= −0.73± 0.02± ... gM1 = 1.14± 0.12± ...

gCR = 0.20± 0.02± ... gE1 = 0.09± 0.03± ...

A = (14.1± 1.4(stat)± ...) %

〈
R2(K0)

〉
≈ −0.094± 0.01± ...fm2

• Plans and Future Prospectives:

• Estimate systematic errors on all parameters.

• Branching Ratio, then finalize, write up and publish ...
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